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Abstract
The Dirichlet Laplacian in curved tubes of arbitrary cross-section rotating w.r.t. the Tang frame along infinite
curves in Euclidean spaces of arbitrary dimension is investigated. If the reference curve is not straight and its
curvatures vanish at infinity, we prove that the essential spectrum as a set coincides with the spectrum of the
straight tube of the same cross-section and that the discrete spectrum is not empty.
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The relationships between the geometric properties of an Euclidean region and the spectrum of the
associated Dirichlet Laplacian constitute one of the classical problems of spectral geometry, with impor-
tant motivations coming both from classical and quantum physics. In this paper we consider this type of
interactions in the case where the region is an infinite tube. In particular, we are interested in the influence
of the curvature on the stability of the essential spectrum and the existence of discrete eigenvalues.
Let s → Γ (s) be a unit-speed infinite curve in Rd , d  2. Assuming that the curve is Cd -smooth and
possesses an appropriate C1-smooth Frenet frame {e1, . . . , ed} (Assumption 1), the ith curvature κi of
Γ , i ∈ {1, . . . , d − 1}, is a continuous function of the arc-length parameter s ∈ R. Given a bounded open
connected set ω in Rd−1, we define the tube Ω of cross-section ω about Γ by
(1)Ω := L(R× ω), L(s, u2, . . . , ud) := Γ (s) + uµRµν(s)eν(s),
where µ,ν are summation indices taking values in {2, . . . , d} and (Rµν) is a family of rotation matrices
in Rd−1 chosen in such a way that (s, u2, . . . , ud) are orthogonal “coordinates” in Ω (cf. Section 2.2),
i.e., ω rotates along Γ w.r.t. the Tang frame [15]. We make the hypotheses (Assumption 2) that κ1 is
bounded, ‖κ1‖∞ supu∈ω |u| < 1, and Ω does not overlap.
Our object of interest is the Dirichlet Laplacian associated with Ω , i.e.,
(2)−ΩD on L2(Ω).
A physical motivation to study this operator for d = 2,3 comes from the fact that it is (up to a physical
constant) the quantum Hamiltonian of a free particle constrained to Ω , which is widely used to model
the dynamics in mesoscopic systems called quantum waveguides [2,12].
If Γ is a straight line (i.e., all κi = 0), then it is easy to see that the spectrum of (2) is purely absolutely
continuous and equal to the interval [µ1,∞), where
µ1 is the first eigenvalue of the Dirichlet Laplacian in ω.
The purpose of the present paper is to prove that the essential spectrum of the Laplacian (2) is stable
as a set under any curvature which vanishes at infinity, and that there is always a geometrically induced
spectrum, i.e., the spectrum below µ1, whenever the tube is non-trivially curved.
Theorem 1. Let Ω be the infinite tube defined above.
(i) If lim|s|→∞ κ1(s) = 0, then σess(−ΩD) = [µ1,∞);
(ii) If κ1 = 0, then infσ(−ΩD) < µ1.
Consequently, if the tube is not straight but it is straight asymptotically, then −ΩD has at least one
eigenvalue of finite multiplicity below its essential spectrum, i.e., σdisc(−ΩD) = ∅.
Here the particularly interesting property is the existence of discrete spectrum, which is a non-trivial
property for unbounded regions. From the physical point of view, one then deals with quantum bound
states of the Hamiltonian (2), which are known to disturb the transport of the particle in the waveguide.
Spectral results of Theorem 1 were proved first by P. Exner and P. Šeba [5] in 1989 for planar strips
(i.e., d = 2) under the additional assumptions that the strip width was sufficiently small and the curvature
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R.L. Jaffe [7] proved the results without the restriction on the strip width, provided the curvature κ1 had
a compact support, and generalised it to the tubes of circular cross-sections in R3. References to other
improvements can be found in the review article [2], where the second part of Theorem 1 was proved
under stronger conditions for d = 2,3 and circular cross-section. The first part was proved there just for
compactly supported κ1 (otherwise, under the additional hypothesis that also the first two derivatives of
κ1 vanished at infinity, the authors localised the threshold of the essential spectrum only). Let us also
mention the paper [13] where a significant weakening of various regularity assumptions was achieved
for d = 2. The first part of Theorem 1 was proved for d = 2 in the recent paper [10]. The present paper is
devoted to a generalisation of the results to higher dimensions and cross-sections rotating along the curve
w.r.t. the Tang frame.
Our strategy to prove Theorem 1 is explained briefly as follows. Introducing a diffeomorphism from Ω
to the straight tube Ω0 :=R×ω by means of the mappingL :Ω0 → Ω , we transfer the (simple) Laplacian
(2) on (complicated) Ω into a unitarily equivalent (complicated) operator H of the Laplace–Beltrami
form on (simple) Ω0, cf. (15). This is the contents of the preliminary Section 2. The rest of the paper,
Section 3, is devoted to the proof of Theorem 1. In Section 3.1, we employ a general characterisation
of essential spectrum (Lemma 1) adopted from [1] in order to establish the first part of Theorem 1. The
reader will notice that the characterisation is better than the classical Weyl criterion in the sense that it
deals with quadratic forms instead of the associated operators themselves, i.e., we do not need to impose
any condition on the derivatives of the coefficients of H in our case. The proof of the second part of
Theorem 1 in Section 3.2 is based on the construction of an appropriate trial function for H inspired by
the initial idea of [7].
Throughout this paper, we use the repeated indices convention with the range of Latin and Greek
indices being 1, . . . , d and 2, . . . , d , respectively. The partial derivative w.r.t. a coordinate xi , x ≡
(s, u2, . . . , ud) ∈ Rd , is denoted by a comma with the index i.
2. Preliminaries
2.1. The reference curve
Given an integer d  2, let Γ :R → Rd be a unit-speed Cd -smooth curve satisfying the following
hypothesis.
Assumption 1. Γ possesses a positively oriented Frenet frame {e1, . . . , ed} with the properties that
(i) e1 = Γ˙ ;
(ii) ∀i ∈ {1, . . . , d}, ei ∈ C1(R,Rd);
(iii) ∀i ∈ {1, . . . , d − 1}, ∀s ∈ R, e˙i(s) lies in the span of e1(s), . . . , ei+1(s).
Remark 1. We refer to [8, Section 1.2] for the notion of moving and Frenet frames. A sufficient condition
to ensure the existence of the Frenet frame of Assumption 1 is to require that for all s ∈ R, the vectors
Γ˙ (s),Γ (2)(s), . . . ,Γ (d−1)(s) are linearly independent, cf. [8, Proposition 1.2.2]. This is always satisfied
if d = 2. However, we do not assume a priori this non-degeneracy condition for d  3 because it excludes
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to Remark 4 below for further discussions on Assumption 1.
The properties of {e1, . . . , ed} summarised in Assumption 1 yield the Serret–Frenet formulae, cf. [8,
Section 1.3],
(3)e˙i =Kij ej ,
where Kij are coefficients of the skew-symmetric d × d matrix defined by
(4)(Kij ) :=


0 κ1 0
−κ1 . . . . . .
. . .
. . . κd−1
0 −κd−1 0

 .
Here κi :R → R is called the ith curvature of Γ . Under Assumption 1, the curvatures are continuous
functions of the arc-length parameter s ∈R.
2.2. The Tang frame
We introduce now another moving frame along Γ which better reflects the geometry of the curve and
will be more convenient for our further purposes.
Let the (d − 1) × (d − 1) matrix (Rµν) be defined by the system of differential equations
(5)R˙µν +RµρKρν = 0
with the initial conditions that (Rµν(s0)) is a rotation matrix in Rd−1 for some s0 ∈ R, i.e.,
(6)det(Rµν(s0))= 1 and Rµρ(s0)Rνρ(s0) = δµν.
Under our assumptions, the solution of (5) exists and is continuous by standard arguments in the the-
ory of differential equations, cf. [11, Section 4]. Furthermore, the conditions (6) are satisfied for all
s0 ∈ R. Indeed, by means of Liouville’s formula [11, Theorem 4.7.1] and tr(Kµν) = 0, one checks that
det(Rµν) = 1 identically, while the validity of the second condition for all s0 ∈ R is obtained via the
skew-symmetry of (Kij ):
(RµρRνρ)· = −RµρRνσ (Kρσ +Kσρ) = 0.
We set
(7)(Rij ) :=
(
1 0
0 (Rµν)
)
and define the moving frame {e˜1, . . . , e˜d} along Γ by
(8)e˜i :=Rij ej .
Combining (3) with (5) and (4), one easily finds
(9)˙˜e1 = κ1e2 and ˙˜eµ = −κ1Rµ2e1.
We call the moving frame {e˜1, . . . , e˜d} the Tang frame throughout this paper because it is a natural gen-
eralisation of the Tang frame known from the theory of three-dimensional waveguides [15]. Its advantage
will be clear from the subsequent section.
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Given a bounded open connected set ω in Rd−1, let Ω0 denote the straight tube R× ω. We define the
curved tube Ω of the same cross-section ω about Γ as the image of the mapping, cf. (1),
(10)L :Ω0 →Rd :
{
(s, u) → Γ (s) + e˜µ(s)uµ
}
,
i.e., Ω := L(Ω0), where u ≡ (u2, . . . , ud).
Our strategy to deal with the curved geometry of the tube is to identify Ω with the Riemannian man-
ifold (Ω0, gij ), where (gij ) is the metric tensor induced by L, i.e., gij := L,i · L,j , where “·” denotes
the inner product in Rd . (In other words, we parameterise Ω globally by means of the “coordinates”
(s, u).) To this aim, we need to impose a natural restriction on Ω in order to ensure that L :Ω0 → Ω is a
C1-diffeomorphism. Namely, defining
(11)a := sup
u∈ω
|u|,
where |u| := √uµuµ, we make the hypothesis
Assumption 2.
(i) κ1 ∈ L∞(R) and a‖κ1‖∞ < 1;
(ii) Ω does not overlap itself.
Using formulae (9), one easily finds
(12)(gij ) = diag(h2,1, . . . ,1) with h(s,u) := 1 − κ1(s)Rµ2(s)uµ.
By virtue of the inverse function theorem, the mapping L :Ω0 → Ω is a local C1-diffeomorphism pro-
vided h does not vanish on Ω0, which is guaranteed by the condition (i) of Assumption 2 because
(13)0 < C−  h(s,u) C+ < 2 with C± := 1 ± a‖κ1‖∞,
where we have used that Rµ2Rµ2 = 1 by (6) and √uµuµ < a by (11). The mapping then becomes a
global diffeomorphism if it is required to be injective in addition, cf. the condition (ii) of Assumption 2.
Remark 2. Formally, it is possible to consider (Ω0, gij ) as an abstract Riemannian manifold where only
the curve Γ is embedded in Rd . Then we do not need to assume the condition (ii) of Assumption 2.
Note that the metric tensor (12) is diagonal due to our special choice of the “transverse” frame
{e˜2, . . . , e˜d}, which is the advantage of the Tang frame. At the same time, it should be stressed here
that while the shape of the tube Ω is not influenced by a special choice of the rotation (Rµν) provided
ω is circular, this may not be longer true for a general cross-section. In this paper, we choose rotations
determined by the Tang frame due to the technical simplicity.
We set g := det(gij ) = h2, which defines through d vol := h(s,u) ds du the volume element of Ω ;
here du denotes the (d − 1)-dimensional Lebesgue measure in ω.
Remark 3 (Low-dimensional examples). When d = 2, the cross-section ω is just the interval (−a, a), the
curve Γ has only one curvature κ1 =: κ , the rotation matrix (Rµν) equals (the number) 1 and
h(s,u) = 1 − κ(s)u.
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(Rµν) =
(
cos θ − sin θ
sin θ cos θ
)
,
where θ is a real-valued differentiable function. Then it is easy to see that (5) reduces to the differential
equation θ˙ = τ , where τ is the torsion of Γ , i.e., one put κ := κ1 and τ := κ2. Choosing θ as an integral
of τ , we can write
h(s,u) = 1 − κ(s)(cos θ(s)u2 + sin θ(s)u3).
Remark 4 (on Assumption 1). As pointed out by P. Exner [3], the existence of the Frenet frame required
in Assumption 1 is rather a technical hypothesis only. Indeed, what we actually need is that L :Ω0 → Ω ,
with L given by (10), is a C1-diffeomorphism, and this is possible to ensure in certain situations even
if Assumption 1 does not hold. To see this, let ω be circular and consider a curve Γ possessing the
required Frenet frame on (−∞,0) and (0,∞), e1 ∈ C1({0}), but eµ /∈ C0({0}) in the sense that eµ(0+) =
Sµνeν(0−) for each µ ∈ {2, . . . , d}, where (Sµν) = 1 is a constant matrix satisfying relations analogous to
(6), i.e., the transverse frames {e2(0+), . . . , ed(0+)} and {e2(0−), . . . , ed(0−)} are rotated to each other
(see [14, Chapter 1, p. 34] for an example of such a curve in R3). Since the rotation matrix (Rµν) is
determined uniquely up to a multiplication by a constant rotation matrix, the Tang frame defined by (8)
can be chosen to be continuous at zero by the requirement Rµν(0+)Sνρ = Rµρ(0−). The C1-continuity
at zero then follows by (9) together with the fact that necessarily κ1(0) = 0.
2.4. The Laplacian
Our strategy to investigate the Laplacian (2) is to express it in the coordinates determined by (10).
More specifically, using the mapping (10), we identify the Hilbert space L2(Ω) with L2(Ω0, d vol) and
consider on the latter the sesquilinear form
(14)Q(ψ,φ) :=
∫
Ω0
ψ,ig
ijφ,j d vol, ψ,φ ∈ DomQ := W 1,20 (Ω0, d vol),
where gij denotes the coefficients of the inverse of the metric tensor (12). The form Q is clearly densely
defined, non-negative, symmetric and closed on its domain. Consequently, there exists a non-negative
self-adjoint operator H associated with Q which satisfies DomH ⊂ DomQ. We have
DomH = {ψ ∈ W 1,20 (Ω0, d vol) | ∂ig1/2gij ∂jψ ∈ L2(Ω0, d vol)},
(15)∀ψ ∈ DomH, Hψ = −g−1/2∂i(g1/2gij ∂jψ).
Actually, (15) is a general expression for the Laplace–Beltrami operator in a manifold equipped with a
metric (gij ). Using the particular form (12) of our metric tensor, we can write
(16)H = −1
h
∂1
1
h
∂1 − ∂µ∂µ + κ1Rµ2
h
∂µ
in the form sense.
The norm and the inner product in the Hilbert space L2(Ω0, d vol) will be denoted by ‖ · ‖g and (·, ·)g ,
respectively. The usual notation without the subscript “g” will be reserved for the similar objects in
L2(Ω ).0
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possible to “rewrite” H into a Schrödinger-type operator acting on the Hilbert space L2(Ω0), without
the additional weight g1/2 in the measure of integration. Indeed, defining Hˆ := UHU−1, where U :ψ →
g1/4ψ is a unitary transformation from L2(Ω0, d vol) to L2(Ω0), we get
Hˆ = −g−1/4∂ig1/2gij ∂jg−1/4 on L2(Ω0)
in the form sense. Commuting then g−1/4 with the gradient components, we can write
(17)Hˆ = −∂1 1
h2
∂1 + ∂µ∂µ + V
in the form sense, where
(18)V := −5
4
(h,1)
2
h4
+ 1
2
h,11
h3
− 1
4
h,µh,µ
h2
+ 1
2
h,µµ
h
(19)= −1
4
κ21
h2
+ 1
2
h,11
h3
− 5
4
(h,1)
2
h4
.
Actually, (17) with (18) is a general formula valid for any C1-smooth metric of the form (gij ) =
diag(h2,1, . . . ,1). (Note that the required regularity is indeed sufficient if the formula for the poten-
tial (18) is understood in the weak sense of forms.) In our special case when h is given by (12), we find
easily that h,µ(·, u) = −κ1Rµ2, h,µν = 0, and (19) follows at once. Moreover, (5) gives
h,1(·, u) = uµRµα(K˙α1 −KαβKβ1),
h,11(·, u) = uµRµα(K¨α1 − K˙αβKβ1 − 2KαβK˙β1 +KαβKβγKγ 1).
We shall neither need nor use the unitarily equivalent operator from the above remark, however, for
motivation purposes, it is interesting to notice that the potential V becomes attractive if a is sufficiently
small and the curvatures, together with some of their derivatives, vanish at infinity. Since the latter also
implies that h tends to 1 as a → 0, it is easy to see that Hˆ has always discrete eigenvalues below its
essential spectrum for a small enough. In this paper, we prove this property under an asymptotic condition
which involves the curvature κ1 only (cf. (22) below) and without any restriction on a (except for the
natural one in Assumption 2). We also note that various techniques from the theory of Schrödinger
operators can be applied to Hˆ , cf. [2].
2.5. Straight tubes
If the tube is straight in the sense that each κi = 0, then the Laplacian (2) coincides with the decoupled
operator
(20)H0 := −R ⊗ 1 + 1 ⊗ (−ωD) on L2(R) ⊗ L2(ω),
where 1 denotes the identity operator on the corresponding spaces and the bar stands for the closure. The
operators −R and −ωD denote the usual Laplacian on L2(R) and the Dirichlet Laplacian on L2(ω),
respectively. Alternatively, H0 can be introduced as the operator associated with the form Q0 defined by
(14), where now the metric tensor is the identity matrix (δij ) and d vol = ds du is the Lebesgue measure
in R× ω.
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‖Jn‖L2(ω) = 1. The lowest eigenvalue µ1 is, of course, positive, simple and the eigenfunction J1 can be
chosen positive.
In view of the decomposition (20),
(21)σ(H0) = σess(H0) = [µ1,∞)
and the spectrum is absolutely continuous.
3. Proofs
3.1. The essential spectrum
We prove that the essential spectrum of a curved tube Ω coincides with the one of Ω0 provided the
former is straight asymptotically in the sense that
(22)lim|s|→∞κ1(s) = 0.
Our method is based on the following characterisation of the essential spectrum of H .
Lemma 1. λ ∈ σess(H) if and only if there exists {ψn}n∈N ⊂ DomQ such that
(i) ∀n ∈ N, ‖ψn‖g = 1,
(ii) ∀n ∈ N, suppψn ⊂ {(s, u) ∈ Ω0 | |s| n},
(iii) (H − λ)ψn −→
n→∞ 0 in (DomQ)
∗
.
Here (DomQ)∗ denotes the dual of the space DomQ defined in (14). We note that H + 1 : DomQ →
(DomQ)∗ is an isomorphism and
(23)‖ψ‖−1,g := ‖ψ‖(DomQ)∗ = sup
φ∈(DomQ)\{0}
|(φ,ψ)g|
‖φ‖1,g
with
‖φ‖1,g := ‖φ‖DomQ =
√
Q[φ] + ‖φ‖2g.
The proof of the above lemma is quite similar to the proof of Lemma 4.2 in [1]. It is based on a
general characterisation of essential spectrum, [1, Lemma 4.1], which is better than the Weyl criterion in
the sense that the former requires to find a sequence from the form domain of H only (cf. the statement
of Lemma 1 and the required property (iii) with the Weyl criterion [16, Theorem 7.24]). The second
property (ii) reflects the fact that the essential spectrum is determined by the geometry at infinity only.
Remark 6. Since the metric (gij ) is uniformly elliptic due to (13), the norms in the spaces L2(Ω0, d vol)
and W 1,2(Ω ,d vol) are equivalent with those of L2(Ω ) and W 1,2(Ω ), respectively, and the respective0 0 0 0 0
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C−‖ψ‖2  ‖ψ‖2g  C+‖ψ‖2,
and similarly for ‖ · ‖1,g and ‖ · ‖−1,g .
Proof of Theorem 1, part (i). Let λ ∈ σess(H0) ≡ [µ1,∞). By Lemma 1, there exists a sequence
{ψ˜n}n∈N ⊂ DomQ0 such that it satisfies the properties (i)–(iii) of the lemma for gij = δij , H = H0 and
Q = Q0. We will show that the sequence {ψn}n∈N defined by ψn := ψ˜n/‖ψ˜n‖g for every n ∈ N satisfies
the properties (i)–(iii) of Lemma 1 for gij , H and Q, i.e., σess(H0) ⊆ σess(H). First of all, notice that ψn
is well defined and belongs to DomQ for every n ∈N due to Remark 6. Moreover, writing
ψ˜n = (1 + H0)−1(H0 − λ)ψ˜n + (1 + H0)−1(λ + 1)ψ˜n,
we see that the sequence {ψ˜n}n∈N is bounded in DomQ0, and therefore {ψn}n∈N is bounded in DomQ
by Remark 6. Since the conditions (i) and (ii) hold trivially true for {ψn}n∈N, it remains to check the third
one. By the definition of H , cf. (14), we can write
(
φ, (H − λ)ψn
)
g
= (φ, (H0 − λ)ψn)+ (φ,i, (g1/2gij − δij )ψn,j )− λ(φ, (g1/2 − 1)ψn)
for every φ ∈ DomQ. The Minkowski inequality, the formula (23), the fact that (H0 − λ)ψ˜n → 0 in
(DomQ0)∗ as n → ∞, and a repeated use of Remark 6 yield that it is enough to show that
sup
φ∈(DomQ)\{0}
|(φ,i, (gij − g−1/2δij )ψn,j )g| + λ|(φ, (1 − g−1/2)ψn)g|
‖φ‖1,g −→n→∞ 0.
However, the latter is easily established by means of the Schwarz inequality, the estimates ‖φ,i‖g,‖φ‖g 
‖φ‖1,g , the fact that {ψn}n∈N is bounded in DomQ, and the expression for the metric (12) together with
(22) and the property (ii) of Lemma 1.
One proves that σess(H) ⊆ σess(H0) in the same way. 
Remark 7. It is clear from the previous proof that a stronger result than the first part of Theorem 1 can
be proved. If h and h˜ are two positive functions (determining through (12) two tube metrics (gij ) and
(g˜ij ), respectively) such that supu∈ω |h(s,u)− h˜(s, u)| → 0 as |s| → ∞, then the essential spectra of the
corresponding operators H and H˜ (given by (15) with (gij ) and (g˜ij ), respectively) coincide as sets.
Let us finally notice that a detailed study of the nature of the essential spectrum in curved tubes has
been performed in [9]; in particular, the absence of singular continuous spectrum is proved there under
suitable assumptions about the decay of curvature at infinity.
3.2. The geometrically induced spectrum
In this section we show that infσ(H) < µ1 whenever κ1 = 0, i.e., there is always a spectrum below
the energy µ1 in non-trivially curved tubes Ω . We call it geometrically induced spectrum because it does
not exist for the straight tube Ω0, cf. (21). Furthermore, it follows by the part (i) of Theorem 1 that this
geometrically induced spectrum is discrete if we suppose (22) in addition.
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such that
(24)Q1[Ψ ] := Q[Ψ ] − µ1‖Ψ ‖2g < 0.
The construction of such a Ψ follows the initial idea of [7] and the subsequent improvements of [13] and
[2, Theorem 2.1].
Proof of Theorem 1, part (ii). Let {Ψn}n∈N ⊂ DomQ and Φ ∈ DomQ. Defining Ψn,ε := Ψn + εΦ for
every (n, ε) ∈N×R, we can write
Q1[Ψn,ε] = Q1[Ψn] + 2εQ1(Φ,Ψn) + ε2Q1[Φ].
Our strategy will be to choose {Ψn}n∈N and Φ so that
(25)lim
n→∞Q1[Ψn] = 0 and limn→∞Q1(Φ,Ψn) = 0.
Then we can choose a sufficiently large n ∈ N and a sufficiently small ε ∈ R with a suitable sign so that
Q1[Ψn,ε] < 0, which proves the claim.
We put Ψn := ϕn ⊗ J1, where J1 is the first eigenfunction of −ωD , cf. Section 2.5, and {ϕn}n∈N is a
mollifier of 1 in W 1,2(R), i.e., a family of functions ϕn from W 1,2(R) satisfying:
(i) ∀n ∈ N, 0 ϕn  1,
(ii) ϕn(s) −→
n→∞ 1 for a.e. s ∈R,
(iii) ‖ϕ˙n‖L2(R) −→
n→∞ 0.
(Probably the simplest example of such a family is given by the continuous even ϕn’s such that they are
equal to 1 on [0, n), with a constant derivative on [n,2n + 1), and equal to 0 on [2n + 1,∞).) Using the
expression (16) for the Laplacian and the fact that (∂µ∂µ + µ1)J1 = 0, we obtain immediately that
Q1[Ψn] = (Ψn,1, h−1Ψn,1) + (Ψn, κ1Rµ2Ψn,µ).
The second term at the r.h.s. is equal to zero by an integration by parts, while the first (positive) one can
be estimated from above by C−1− ‖Ψn,1‖2 due to (13). Since ‖Ψn,1‖ = ‖ϕ˙n‖L2(R) by the normalisation of
J1, we verify the first property of (25).
The second property is checked if we take, for instance,
Φ(s,u) := φ(s)Rµ2(s)uµJ1(u) ∈ DomQ,
where φ ∈ W 1,2(R)\{0} is a non-negative function with a compact support contained in an interval where
κ1 is not zero and does not change sign (such an interval surely exists because κ1 = 0 is continuous).
Indeed, in the same way as above, we find
Q1(Φ,Ψn) = (Φ,1, h−1Ψn,1) + (Φ,κ1Rµ2Ψn,µ),
where the first term at the r.h.s. tends to zero as n → ∞ because its absolute value can be estimated by
C−1− ‖Φ,1‖‖Ψn,1‖, while the second one is equal to
−1
2
(φJ1, κ1Rµ2Rµ2ϕnJ1) = −12(φ, κ1ϕn)L2(R)
B. Chenaud et al. / Differential Geometry and its Applications 23 (2005) 95–105 105by an integration by parts; the last identity then holds due to (6) and the normalisation of J1. Summing
up, we conclude that
lim
n→∞Q1(Φ,Ψn) = −
1
2
∫
suppφ
φ(s)κ1(s) ds = 0
by the dominated convergence theorem. 
Remark 8. Suppose Assumptions 1 and 2. If the tube Ω is non-trivially curved and asymptotically
straight, it follows by Theorem 1 that σdisc(−ΩD) ⊂ [0,µ1) and it is not empty. Furthermore, it can be
shown by standard arguments (see, e.g., [6, Section 8.12]) that the minimum eigenvalue, i.e., infσ(−ΩD),
is simple and has a positive eigenfunction. One also has infσ(−ΩD) > 0. (Actually, a stronger lower
bound to the spectral threshold has been derived in [4].)
Acknowledgements
The authors wish to thank Pavel Exner for useful discussions and Remark 4. This work was partially
supported by FCT/POCTI/FEDER, Portugal, and GA AS CR grant IAA 1048101.
References
[1] Y. Dermenjian, M. Durand, V. Iftimie, Spectral analysis of an acoustic multistratified perturbed cylinder, Comm. Partial
Differential Equations 23 (1–2) (1998) 141–169.
[2] P. Duclos, P. Exner, Curvature-induced bound states in quantum waveguides in two and three dimensions, Rev. Math.
Phys. 7 (1995) 73–102.
[3] P. Exner, private communication, May 2003.
[4] P. Exner, P. Freitas, D. Krejcˇirˇík, A lower bound to the spectral threshold in curved tubes, R. Soc. Lond. Proc. Ser. A Math.
Phys. Eng. Sci. 460 (2052) (2004) 3457–3467.
[5] P. Exner, P. Šeba, Bound states in curved quantum waveguides, J. Math. Phys. 30 (1989) 2574–2580.
[6] D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer, Berlin, 1983.
[7] J. Goldstone, R.L. Jaffe, Bound states in twisting tubes, Phys. Rev. B 45 (1992) 14100–14107.
[8] W. Klingenberg, A Course in Differential Geometry, Springer, New York, 1978.
[9] D. Krejcˇirˇík, R. Tiedra de Aldecoa, The nature of the essential spectrum in curved quantum waveguides, J. Phys. A 37 (20)
(2004) 5449–5466.
[10] D. Krejcˇirˇík, J. Krˇíž, On the spectrum of curved quantum waveguides, Publ. RIMS Kyoto Univ. 41 (3) (2005).
[11] J. Kurzweil, Ordinary Differential Equations, Elsevier, Amsterdam, 1986.
[12] J.T. Londergan, J.P. Carini, D.P. Murdock, Binding and Scattering in Two-dimensional Systems, LNP, vol. 60, Springer,
Berlin, 1999.
[13] W. Renger, W. Bulla, Existence of bound states in quantum waveguides under weak conditions, Lett. Math. Phys. 35 (1995)
1–12.
[14] M. Spivak, A Comprehensive Introduction to Differential Geometry, vol. II, Publish or Perish, Houston, TX, 1979.
[15] C.Y.H. Tsao, W.A. Gambling, Curvilinear optical fibre waveguide: characterization of bound modes and radiative field,
Proc. R. Soc. Lond. A 425 (1989) 1–16.
[16] J. Weidmann, Linear Operators in Hilbert Spaces, Springer, New York, 1980.
